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The direct discovery of gravitational waves from compact binary systems leads for the first time to
explore the possibility of black hole spectroscopy. Newly formed black holes produced by coalescing
events are copious emitters of gravitational radiation, in the form of damped sinusoids, the quasi
normal modes. The latter provide a precious source of information on the nature of gravity in
the strong field regime, as they represent a powerful tool to investigate the validity of the no-
hair theorem. In this work we perform a systematic study on the accuracy with which current
and future interferometers will measure the fundamental parameters of ringdown events, such as
frequencies and damping times. We analyze how these errors affect the estimate of the mass and
the angular momentum of the final black hole, constraining the parameter space which will lead to
the most precise measurements. We explore both single and multimode events, showing how the
uncertainties evolve when multiple detectors are available. We also prove that, for second generation
of interferometers, a network of instruments is a crucial and necessary ingredient to perform strong-
gravity tests of the no-hair theorem. Finally, we analyze the constraints that a third generation of
detectors may be able to set on the mode’s parameters, comparing the projected bounds against
those obtained for current facilities.
PACS numbers: 04.30.-w, 04.70.Bw, 04.80.Cc
I. INTRODUCTION
Black holes (BH) represent the most clear, macroscopic
expression of one of the fundamental forces of Nature,
and they provide a unique testbed to investigate gravity
in a pure strong-field regime. The discovery of a 67M
and a 22M binary coalescence has directly proven for
the first time that BH may form in the Universe, and
merge within the Hubble time [1, 2]. Most exciting, these
detections allow to realize a field of research, the BH
spectroscopy, considered pure theoretical so far [3].
Astrophysical BHs outside of equilibrium are charac-
terized by a spectrum of damped oscillations, called quasi
normal modes (QNMs) [4–7]. The output of compact
binary coalescence, is one of the best examples of this
phenomenon. After the merger phase, a newly born and
highly distorted BH emits gravitational radiation as a
superposition of damped sinusoids, which decay expo-
nentially, until the object reaches its quiet, stationary
state. QNMs in General Relativity (GR) are uniquely
determined by the BH mass M and intrinsic angular mo-
mentum J = jM2 (being j the spin parameter). This
feature is a direct consequence of the so called no-hair
theorem, which states that rotating compact object be-
longs to the Kerr family, whose exterior stationary and
isolated gravitational field depends only on two param-
eters, M and J [8]. We note that BHs in real physi-
cal environments will not be perfectly stationary or in a
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clear vacuum state: other objects or fields such as stars
or accretion disks may alter their Kerr nature. However,
under the assumption that such perturbations are small
enough to be practically unobservable, we can safely as-
sume that such objects are indeed described by the Kerr
metric [9]. In this sense, QNMs play a key role, as their
detection would confirm the nature of the source, and at
the same time would help to assess the validity of the
Kerr hypothesis.
Although the existence of BHs has been now exper-
imentally settled down, a proof of the validity of the
no-hair theorem is still lacking. Coalescing compact bi-
naries offer a new window on this picture. It is crucial
to note that precise mass/spin measurements of ringing
BHs would also be a precious source of information for
two other GR cornerstones: (i) the Hawking area theo-
rem [10] for which the final area should be larger then the
sum of those of the progenitors, (ii) the Penrose cosmic
censorship which establishes that the BH spin parameter
never exceeds the bound j ≤ 1.
QNMs have been extensively studied in literature. In
particular, several efforts have been devoted to analyze
the outcome of future detections by space interferome-
ters as LISA [11, 12], were more massive compact bina-
ries are expected to produce louder events. It is worth to
cite here the seminal papers by Echeverria [13], Flana-
gan and Hughes [14, 15] where a detailed discussion of the
statistical techniques needed to extract the fundamental
parameters of the waveforms has been developed. A key
reference for QNMs is given by the detailed investigation
made by Berti and collaborators, in which the authors
analyze both single and multimode events [16, 17]. The
latter represents the golden goal of BH spectroscopy, as
at least two QNMs are required to make consistency tests
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2of the no-hair theorem. The prospects of measuring the
dominant (l = m = 2) and a secondary component (as
the l = m = 3) have been tackled with different methods
and data analysis strategies, including population syn-
thesis simulations, focusing in particular on the signal
to noise ratio necessary to distinguish the QNM features
[18–22]. More recently, it has been pointed out that a co-
herent stack of several gravitational wave (GW) signals
increases the ringdown SNR, and therefore improves our
ability to extract multiple QNMs from the interferome-
ter’s background noise [23].
A general analysis concerning the connection between
BH oscillations and the formation of an event horizon has
also been developed in [24, 25], showing that more exotic
objects as wormholes can mimic BH ringing, both for the
early and the late time modes. An interesting possibility
is given by the analysis presented in [26], in which the
authors have developed a general strategy to constrain
such alternative scenarios investigating the QNMs spec-
trum. A first application of this model seems already to
rule out the possibility that the first gravitational wave
event GW150914 [1] led to the formation of a rotating
gravastar.
The aim of this paper is to systematically analyze the
ability of current and near-future terrestrial interferome-
ters to observe QNM signals from stellar BHs. In partic-
ular, we compute the errors on the ringdown parameters,
i.e. frequencies and damping time, focusing on how they
affect our ability to measure the BH mass and spin angu-
lar momentum. We determine the configurations which
favor possibly high accuracy observations, both for single
and multi mode events.
While the Advanced LIGO sites [27] are already under
science mode, two other interferometers, Virgo [28] and
Kagra [29], are nearly to be completed. Multiple, inde-
pendent observations, are a crucial ingredient for gravi-
tational wave astronomy, as they increase the detection
confidence and the overall signal to noise ratio. In this
scenario, we investigate how our results change when a
network of four instruments is taken into account. More-
over, the first direct discovery of a GW signal is leading
the quest to develop a third generation of interferome-
ters, which will improve the existing sensitivity by more
than an order of magnitude [30]. It is therefore timely
to compare the performance of such detectors with the
current facilities.
This paper is organized as follows. In Sec. II A we in-
troduce the basic formalism to describe QNMs in GR,
and the data-analysis tools used. In Sec. III we present
our numerical results, analyzing the errors on the BH
physical parameters obtained from ringdown events for
second and third generation of interferometers, respec-
tively. In Sec. IV we summarize our findings. Through-
out the paper we will use geometrical units (G = c = 1).
II. THE MATHEMATICAL TOOLKIT
In this section, we shall summarize the basic properties
of BH ringing, introducing the concepts needed for our
numerical analysis. We refer the reader to the review
article [3, 31] (and references therein) for an extensive
lecture on the topic.
A. Quasi Normal Modes formalism
The gravitational wave signal measured by the inter-
ferometer consists of a linear superposition of the two
polarization states h× and h+:
h = h+F+ + h×F× , (1)
where F+,× are pattern functions which depend on the
source orientation with respect to the detector [32]. For
a given mode, specified by the numbers (l,m) and the
overtone index n we have:
h+ =
M
d
<
[
A+lmnei(ωlmnt+φ
+
lmn)e−t/τlmnSlmn
]
, (2)
h× =
M
d
=
[
A×lmnei(ωlmnt+φ
×
lmn)e−t/τlmnSlmn
]
, (3)
where ωlmn = 2piflmn and τlmn are the mode’s frequency
and damping time, the amplitudes A+,×lmn and the phase
coefficients φ+,×lmn are real quantities, while d is the lu-
minosity distance of the source. The 2-spin-weighted
spheroidal harmonics Slmn = e
imαS¯ln(β) are functions
of the azimuthal and the polar angles (α, β). These have
been proved to form an orthonormal set of eigenfunc-
tions, i.e.∫
Slm(α, β)S
?
l′m′(α, β)dΩ = δll′δmm′ (n = n
′) , (4)
where the symbol ? denotes complex conjugation [33].
Following [15, 16] we assume that for t < 0 the wave-
form is identical to that computed for t > 0. Therefore
we replace the damping factor e−t/τlmn with e−|t|/τlmn ,
dividing by a factor
√
2 in the amplitude to compensate
the doubling. As noted in [15], this procedure allows to
fully characterize the QNM spectrum, without any pre-
scription for the unknown merger-waveform before the
ringdown. We also average over the detector and the BH
directions, making use of the following identities
〈F 2+〉 = 〈F 2×〉 =
1
5
, 〈F+F×〉 = 0 , 〈|Slmn|2〉 = 1
4pi
.
(5)
Finally, we introduce the rescaled amplitudes
A+lmn =
M
d
A+lmn , A×lmn =
M
d
A×lmn = N×A+lmn ,
(6)
being N× a relative scale factor, and the phase-shift φ0:
φ×lmn = φ
+
lmn + φ0 . (7)
3Assuming that (N×, φ0) are known, the waveform
(for a single mode) depends on four quantities
(A+lmn, φ
+
lmn, flmn, τlmn). Eqns. (1) and (2)-(3) represent
the basic ingredients to build all the physical quantities
needed for our analysis, as the SNR
ρ2 = 4
∫ ∞
0
h˜(f)h˜?(f)
Sn(f)
df , (8)
where Sn(f) is the noise spectral density of the interfer-
ometer, and h˜(f) is the Fourier transform of the time-
dependent waveform. We note that in this case, the
change to the frequency domain is rather straightforward:
h˜+(f) =
A+lmn√
2
[
eiφ
+
lmnSlmn(α, β)b+(f) + e
−iφ+lmnS?lmn(α, β)b−(f)
]
, (9)
h˜×(f) = − i√
2
N+A+lmn
[
ei(φ
+
lmn+φ0)Slmn(α, β)b+(f) + e
−i(φ+lmn+φ0)S?lmn(α, β)b−(f)
]
, (10)
where b±(f) are the Breit-Wigner functions:
b±(f) =
τlmn
1 + (2piτlmn)2(f ± flmn)2 . (11)
Replacing the former into Eq. (8), and averaging over the
angles we obtain:
ρ2 =
1
10pi
A+
2
lmn
∫ ∞
0
df
Sn(f)
(b2+ + b
2
−)(1 +N
2
×) . (12)
As noted in [14], the SNR can be recast in terms of the
gravitational wave energy spectrum dE/df :
ρ2 =
2
5pi2d2
∫ ∞
0
1
f2Sn(f)
dE
df
df . (13)
which is related to the radiation efficiency QNM:
QNM =
1
M
∫ ∞
0
dE
df
df , (14)
which controls the amount of energy released in QMNs.
Combining Eqns. (12)-(14) we have
QNM =
piM
4
(1 +N2×)A+
2
lmn
∫ ∞
0
f2(b2+ + b
2
−)df . (15)
For any choice of the source parameters
(M,d, flmm, τlmn, φ
+
lmn, φ0, N×), and a given effi-
ciency QNM, we can numerically solve Eq. (15) to find
the signal amplitude A+lmn.
B. Parameter estimation
For a generic signal of the form h(t, ~x), we want to
determine the source parameters ~x = {x1, . . . , xn}, and
the measurement errors ∆~x = ~x− ~y, were ~y are assumed
to be the true values. To this aim we need to compute
the probability p(~x|s), given the detector output s(t) =
h(t, ~x) + n(t), with n(t) instrumental noise, which we
consider to be stationary. Up to a normalization constant
(independent of the physical parameters), the conditional
probability can be written as:
p(~x|s) ∝ p(0)(~x)e− 12 (h(~x)−s|h(~x)−s) , (16)
where p(0)(~x) represents the prior on the source param-
eters [34], and the inner product on the waveform space
(·|·) reads:
(g|h) = 2
∫ ∞
−∞
h˜(f)g˜?(f) + h˜?(f)g˜(f)
Sn(f)
df . (17)
Following to the principle of the maximum-likelihood, the
source parameters are represented by those which max-
imize the probability distribution (16). Moreover, for
gravitational wave signals characterized by large SNR,
we expect p(~x|h) to be narrowly peaked around the true
values ~y. Therefore, we can expand Eq. (16) as Taylor
series up to the second order in ∆~x = ~x− ~y, such that
p(~x|s) ∝ p(0)(~x)e− 12Γab∆xa∆xb , (18)
where
Γab =
(
∂h
∂xa
∣∣∣∣ ∂h∂xb
)
(19)
evaluated at ~x = ~y, is the Fisher information matrix.
The latter, is directly related to the covariance matrix
Σab:
Σab =
(
Γ−1
)ab
, (20)
where Γ−1 is the inverse of Fisher matrix. In this way we
can define the error associated to the parameter xa as
σa =
√
Σaa , (21)
and the correlation coefficient between xa and xb as
cab =
〈∆xa∆xb〉
ΣaaΣbb
=
Σab√
ΣaaΣbb
, (22)
4with cab ∈ [−1, 1]. Eq. (18) holds whether p(0)(~x) is
uniform around ~y or not. In the special case when p(0) is
Gaussian:
p(0)(~x) ∝ e− 12Γ(0)ab (xa−x¯b)(xb−x¯b) , (23)
the probability distribution p(~x|s) is Gaussian with total
covariance matrix given by:
Σab = (Γab + Γ
(0)
ab )
−1 . (24)
As seen in the previous section the waveform for BH
ringing depends on four parameters. Rather than the
damping time τlmn, we will compute the Fisher ma-
trix in terms of the quality factor Qlmn = piflmnτlmn.
This yields a 4 × 4 matrix in the variables ~x =
(lnA+lmn, φ
+
lmn, flmn, Qlmn)
1.
Moreover, as shown in [16], flmn and Qlmn can be
expressed in terms of the BH mass and spin variable M, j
through numerical fits of the form
flmn =
f1 + f2(1− j)f3
2piM
, Qlmn = q1+q2(1−j)q3 , (25)
where (qi, fi) are fitting coefficients which depends on
the particular set of number (l,m, n) (see Table VIII-X
of [16]). Therefore, we will also compute the Fisher ma-
trix in terms of the parameters ~z = (lnA+lmn, φ
+
lmn,M, j).
The transformation between the two sets of coordinates
is simply given by
Γ(~z)ab = [C
T]ac[Γ(~x)]cd[C]db , (26)
where C is the change of basis matrix, with elements
Cij =
∂xi
∂zj
, and CT its transpose.
Finally, it is useful to consider how to combine the
information on the source’s parameters, when multiple
detectors are taken into account. This is indeed the case
of gravitational wave interferometers, as, beside the two
LIGO observatories, Virgo and KAGRA are in the final
completion phase. If the experiments are all independent,
the total probability distribution will be given by the
product of multiple p(~x|s) computed for each detector,
and the individual Fisher matrices will just add linearly
Γab = Γ
(LIGO)
ab + Γ
(Virgo)
ab + · · · , (27)
with the final covariance matrix obtained inverting Γab.
In the same spirit, the total SNR will be given by the
sum in quadrature of the single-interferometer quantities,
namely
ρ2 = ρ2(LIGO) + ρ
2
(Virgo) + · · · . (28)
1 In computing the Fisher matrix, we have neglected the derivative
of the spheroidal functions Slmn with respect to flm and Qlm.
However, as noted in [16], these terms are at least quadratic in
the spin j parameter, and may be considered small.
C. Multiple modes
BH spectroscopy may provide a crucial assessment of
the no-hair theorem, confirming the uniqueness of the
Kerr hypothesis for isolated astrophysical BHs in Gen-
eral Relativity. However, a genuine test of the such prin-
ciple requires the detection of at least two QNMs, and
this leads to identify how much energy is stored in the
secondary oscillations, and what is the SNR required to
distinguish the dominant component from the weaker
one. It is worth to remark that it has been recently
shown that, according to population synthesis studies,
it seems unlike to have BH evolutionary scenarios lead-
ing to GW signals strong enough to distinguish between
multiple QNMs with one single detector [35]. The numer-
ical results for the multimode analysis presented here are
therefore more speculative, and may be considered as ref-
erence and complementary to the analysis developed in
[35]. Nonetheless, we will prove how joint observations
of multiple interferometers may lead to a more favorable
prospect for testing GR in the strong field regime.
The multi-component analysis can be described start-
ing from the discussion presented in Sec. II A, as we re-
place the single mode polarizations (2)-(3), with a infinite
sum over all the possible configurations specified by the
triplets (l,m, n):
h+ =
∑
lmn
M
d
<
[
A+lmnei(ωlmnt+φ
+
lmn)e−t/τlmnSlmn
]
,
(29)
h× =
∑
lmn
M
d
=
[
A×lmnei(ωlmnt+φ
×
lmn)e−t/τlmnSlmn
]
.
(30)
In this work we will consider only the case in which
two modes with the same overtone number n are
excited simultaneously. In this scenario the Fisher
matrix (19) becomes a 8 × 8 matrix in the variables
(lnA+lmn, φ
+
lmn, flmn, Qlmn, lnA
+
l′m′n′ , φ
+
l′m′n′ , fl′m′n′ , Ql′m′n′).
However, as far as we consider components with the
same overtone number n = n′, the angular average and
the orthogonality of spheroidal functions (cfr. Eq. (4))
decouple QNMs with different l and m. This property
simplifies our calculations since the total Fisher matrix
Γab can be written as the sum of the matrices Γ
(1,2)
ab
computed for each mode :
Γab =
(
Γ
(1)
ab 0
0 Γ
(2)
ab
)
(31)
This also applies to the total SNR, which in turn is de-
fined as the sum ρ =
√
ρ(1) + ρ(2).
III. NUMERICAL RESULTS
Our results are based on the numerical integration of
Eq. (12), and (19). We will consider QNMs produced
5by BHs with mass M ∈ [10, 70]M and spin parameter
j ∈ [0.1, 0.9] at prototype distances of 400Mpc. We note
that the gravitational wave amplitude scales as d−1, and
therefore Σab = (Γab)
−1 ∝ d2. As a consequence the
errors on the source parameters are proportional to the
source distance d. In the single QNM analysis we com-
pute the Fisher matrix for the fundamental mode with
n = 0, l = m = 2, assuming a favorable scenario with
radiation efficiency QNM = 0.03, and a negative sce-
nario with QNM = 0.01. These values are consistent
with the numerical results of [36], where the ringdown
efficiency was found to be proportional to the symmetric
mass ratio of the (non spinning) binary progenitor, i.e.
QNM = 0.44ν
2, with ν = m1m2/(m1 +m2)
2. In particu-
lar the optimistic and the pessimistic case can be related
respectively to an equal mass system (ν = 0.25), and an
asymmetric binary with ν ' 0.1. Moreover, following
[16], we fix N× = 1 and φ+lmn = φ0 = 0, both for single,
and two-mode analysis. In the latter, we will focus on
the subdominant components with n = 0, l = m = 3
and l = m = 4, assuming astrophysical events in which
the energy stored in the secondary mode is 1/10 of the
fundamental one2. We consider second and third genera-
tion of interferometers, taking into account for the former
the two LIGO (H and L), Virgo (V) and KAGRA (K).
For both the AdLIGO sites we assume the noise spectral
density given by the ZERO DET high P anticipated design
sensitivity curve [37], while for Virgo and the Japanese
detector we use the numerical data obtained in [38] and
[39], respectively. As far as future detectors are consid-
ered, we develop our analysis for the Einstein Telescope
(ET) in xylophone mode [40], AdLIGO with squeezing
(LIGO A+) [41], a LIGO-Voyager class mission (VY)
[30], and the Cosmic Explorer (CE) with a 40-km wide-
band configuration [42]. The sensitivity curves of all the
detectors are shown for comparison in Fig. 1.
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FIG. 1: Noise spectral densities of the terrestrial interfer-
ometers considered in this paper. From top to bottom we
show: AdLIGO, AdVirgo, and Kagra at design sensitivity,
LIGO A+, Voyager, the Einstein Telescope and the Cosmic
Explorer.
2 Since fixed, hereafter we will omit the subscript n for the fre-
quency mode flm and quality factor Qlm.
A. Second generation detectors: single mode
detection
As far as only one interferometer is considered, we will
assume that the signal is observed by a single AdLIGO
detector. Moreover, to better quantify the measure-
ments accuracy we will show our results in terms of
the relative (percentage) error ∆i = σi/i, where i =
(flmn, Qfmn,M, j).
In Fig. 2 we show contour plots of ∆f22 and ∆Q22 as
a function of the BH mass and spin, for the optimistic
case QNM = 0.03. Moreover, we plot curves of constant
SNR, given by the white dashed lines, with ρ = 8 and
ρ = 16. For all the configurations considered we found
relative errors on the fundamental frequency between ∼
1% ad 20%, while for the quality factor the accuracy
strongly decreases, leading to 100% . ∆Q22 . 20%. As
expected, in both cases heavy systems, with M & 50M,
provide the most precise measurements, as the total SNR
increases with the BH mass. We also note that these
results seem rather insensitive to the intrinsic angular
momentum j.
FIG. 2: Contour plots for ∆f22 in the M − j plane for the
frequency (left panel) and the quality factor (right panel) of
the fundamental (2,2) mode. The plots refer to a BH at d =
400 Mpc, with radiation efficiency QNM = 
(2,2)
QNM = 0.03. The
white dashed curves identify lines of constant SNR, computed
assuming a single detector with the AdLIGO sensitivity. The
orange dot identifies a BH configuration with the same mass
and spin of GW150914.
To be more qualitative, in Fig. 3 we plot contour
lines of fixed relative uncertainty ∆f22 = (10, 5, 2)% and
∆Q22(20, 10)%. The left panel of the figure shows that
a parameter space does exist, which allows the mode fre-
quency f22 to be determined with good precision. In par-
ticular, for M . 30M we do not expect errors smaller
than 5%, regardless the final BH spin. However, more
massive objects lead in principle to very accurate mea-
surement of f22. Detections with relative accuracy of the
order of 1-2% require signals with 30M . M . 60M
which correspond to an SNR range ρ ∈ 8 ÷ 16. Again,
these results are nearly independent from the BH fi-
nal spin. We note that a GW150914-like event, with
M = 67.4M and j = 0.67 [43] would lie at the edge of
the ρ = 16 curve (orange dot in the figure), leading to
6∆f22 ∼ 1.4%3.
This picture changes for the quality factor, which in
general can be measured with smaller precision. The
right panel of Fig. 3 shows that stellar mass BHs with
M . 40M always lead to errors bigger than 20%. In
order to determine Q22 with a relative accuracy ∆Q22 <
10% we need high SNR ringdown events, namely ρ 16,
which lie within the high mass regime. Moreover, unlike
the mode frequency, the error on the quality factor dete-
riorates as j increases and shows a stronger correlation
with the BH final spin, especially for j & 0.6.
FIG. 3: Same as Fig. 2, but for contour lines of fixed relative
uncertaintiy for the frequency (left) and the quality factor
(right) of the dominant mode with l = m = 2.
3 Using the real distance measured by the LIGO collaboration d =
410 Mpc, and the O1 configuration for the noise spectral density
which is roughly a factor 2 worse than the design sensitivity, we
find ∆f22 ∼ 2.9%, consistent with the error quoted in [44], i.e.
σf22/f22 ∼ 3.2%.
FIG. 4: Same as Fig. 2-3 but for the relative errors on the BH
mass M and spin parameter j, derived from ∆f22 and ∆Q22.
As discussed in the previous section, the semi-analytic
relations (25) allow to directly compute the error of mass
and the angular momentum of the final BH from its ring-
down frequency and damping time4, supplied by the co-
ordinate transformation (26). The values of these uncer-
tainties are shown in Fig. 4.
From the left contour plots we immediately note that
the relative errors become looser. In particular, for the
BH mass we find 100% . ∆M . 10%, while for the spin
this picture worsens, and we are able to constrain j at
the level of 50% or less in a limited portion of the pa-
rameter space only. The right panels show again that for
a fixed j the error ∆M decrease as the BH mass grows.
This is also true if we fix the M and we move to larger
values of the spin. However, accuracy of the order of per-
cent would require more massive or maximally spinning
objects. The data show a strong dependence between M
and j, with correlation coefficients cMj > 0.98 for all the
configuration considered. As pointed out in [13], this fea-
ture would be helpful to determine through gravitational
wave observations one of the two quantities, as the other
has been measured independently by a distinct experi-
ment. The right panel of the figure shows that thight
constraints on j seem more difficult to achieve, unless
we consider rapidly rotating BH. Indeed, below j ∼ 0.6,
none of the configurations considered yield ∆j . 20%,
4 As pointed out in [16] single mode detection is not able to
uniquely bound the values of mass and spin, as there are multiple
combinations of (M, j, l,m, n) yielding the same frequency and
damping time.
7regardless of the body mass. Finally, as noted at the
beginning of this Section, the uncertainties scale linearly
with the source distance. As a consequence, binary sys-
tems at d = 100 Mpc would translate the solid black
curves of Fig. 4 into ∆M ∼ ∆j ∼ 2%.
It is interesting to understand how the previous bounds
improve, as we consider multiple detectors observing the
gravitational wave signal simultaneously. In the left
panel of Fig. 5 we show contour lines for fixed errors
on the frequency and quality factor, ∆f22 = 2% and
∆Q22 = 10%, with increasing number of interferome-
ters. As a neat result, in both cases the curves move to a
lower mass range, making the parameter space available
for measurements of higher accuracy. This is particu-
larly evident for the quality factor, where configurations
with M > 40M allow to reach relative errors smaller
than 10%. In the right panel of the same figure we show
FIG. 5: Contour plots for fixed relative errors on the fre-
quency/quality factor (left), spin/mass (right), as a function
of the number of interferometers, for the optimistic scenario
QNM = 0.03.
how these changes reflect into the BH mass and spin.
Although ∆M seems to improve more significantly, the
bound on j remains still quite loose: even with four de-
tectors, accuracy of 10% would require spin parameters
larger than 0.6 and massive objects.
All the results derived so far can be immediately trans-
lated into the pessimistic scenario with QNM = 0.01. In-
deed, the radiation efficiency acts as a multiplicative fac-
tor for the gravitational wave amplitude, which makes
the relative errors proportional to5 1/QNM. As a golden
rule, the uncertainties can be simply rescaled depending
on the overall amount of energy stored into the modes.
In particular, in our case the bounds weaken, with the
errors increasing by a factor of 3. This is particularly
penalizing for the quality factor, as we wouldn’t have
∆Q22 . 50% for BH lighter than 45M.
5 Viceversa the SNR scales as ρ ∝ QNM.
B. Second generation detectors: multiple modes
Future detections of a secondary mode would repre-
sent a precious source of information on the nature of
the compact object, especially as far as strong-field tests
of the no-hair theorem are concerned. Therefore, in this
section we focus on the detectability of the (3, 3) and
(4, 4) QNMs, which provide the largest contribution to
the total GW energy budget, regardless of the binary pro-
genitor’s spins. Relativistic numerical simulations show
indeed that the mode’s hierarchy is mostly affected by
the mass ratio of the inspiral phase and by the source
orientation [45–47]. Moreover, we consider physical sce-
narios in which the second mode carries a fraction 10−1
of the energy radiated by the (2, 2) component.
In the top row of Fig. 6 we show the BH configura-
tions leading to fixed errors on f33 and f44 as a function
of mass and spin, for our optimistic scenario. The two fig-
ures yield some similar features, regardless of the specific
choice of (l,m). As expected, the relative errors worsen,
as a result of the lower total energy stored into the modes,
and the higher frequencies6. In this case, for the same
BH models shown in Fig. 2, ∆f33 and ∆f44 are around
∼ 3 ÷ 5 and ∼ 5 ÷ 7 times larger than the uncertain-
ties of the (2, 2) mode, respectively. This is more evident
for the term with l = m = 4, for which higher accu-
racy measurements shift to the end of the mass and spin
ranges, M ∼ 70M and j & 0.7. Moreover, within the
parameter space considered, the SNR of the secondary
modes are always [80÷90]% smaller of the SNR obtained
for the (2, 2) component. These changes are more dra-
matic for the quality factor, as the bottom row of Fig. 6
shows that it would even be difficult for AdLIGO alone
to set a bound ∆Q33 = 50%. Accuracy of the order
of ∆Q33 . 40% would require BH configurations out of
the considered parameter space. As seen for the single
mode analysis, these bounds improve when a network
of interferometers is considered. With four instruments
at design sensitivity we would roughly gain a factor of 2,
shifting the constraint ∆Q33 = 50% to lower masses, and
allowing the parameter space to set narrower constraints.
Multiple detections would be particularly relevant for the
(4, 4) case, since with only one LIGO site, all the proto-
type BHs analyzed lead to uncertainties ∆Q44  50%.
However, from the last bottom panel of Fig. 6 we note
that for both the (3, 3) and the (4, 4) modes even four
detectors would provide poor bounds, leaving the qual-
ity factors unconstrained, i.e. ∆Q33 = ∆Q44 > 100%, in
a significant portion of the parameter space.
As a final comment, we note that the relative uncer-
tainties presented in Fig. 6 would strongly deteriorate for
the astrophysical scenario in which 
(3,3)
QNM = 
(2,2)
QNM/10 =
0.001, increasing, as discussed before, by a factor of 3.
Although still loosing sensitive to the QNM frequency,
6 For a fixed j the mode frequency flm increases with l.
8the pessimistic assumption would make the interferome-
ters essentially blind to the quality factor of the second
mode.
It is worth to remark that before discussing the er-
rors on the secondary modes, we should have clarified
whether the two components can be distinguished within
the noise. As already discussed in literature, we follow a
two-criterion analysis [16, 22].
First, we identify a threshold SNR, which each QNM
has to exceed in order to be visible. We set this value
to ρth = 5. Then, in order to be able to disentangle the
features between two modes characterized by frequencies
and quality factors (f1, f2) and (Q1, Q2) we employ a
Rayleigh criterion, which specifically introduce the criti-
cal SNR ratios
ρfcr
ρ(l,m)
=
max(σf1 , σf2)
|f1 − f2| , (32)
ρQcr
ρ(l,m)
=
max(σQ1 , σQ2)
|Q1 −Q2| , (33)
where ρ(l,m) refers to the single component. In our anal-
ysis f1 = f22, Q1 = Q22, while (f2, Q2) correspond either
to the (3, 3) or the (4, 4) term. To distinguish the fre-
quency or the quality factor between the modes we ask
that
R(l,m)s = min
(
ρfcr
ρ(l,m)
,
ρQcr
ρ(l,m)
)
< 1 , (34)
while, to resolve both
R(l,m)b = max
(
ρfcr
ρ(l,m)
,
ρQcr
ρ(l,m)
)
< 1 . (35)
The ratios between the SNR for the (3, 3) mode and the
critical values R(3,3)s and R(3,3)b are plotted in Fig. 7.
The right panel shows that the second condition Rb < 1
is never satisfied by the considered configurations, and
therefore AdLIGO alone would not be able to resolve
both flm and Qlm. Nevertheless, looking at the left
panel, it seems that for M > 20M the two QNM fre-
quencies (or quality factors) can always be distinguished,
as Rs < 1.
However, as shown in the top-left panel of Fig. 8, a
computation of the (3, 3) SNR points out that none of the
BH configurations satisfies the first detectability condi-
tion ρ(3,3) ≥ ρth = 5. This results confirm the statistical
analysis carried out in [35], suggesting that multimode
analysis seems unfeasible with only one interferometer.
Overall, these data do not change qualitatively if we con-
sider as secondary mode the (4, 4) component.
The prospect of BH spectroscopy increases as far as a
network of detector will be operational. The remaining
three contour plots of Fig. 8 show the evolution of ρ(3,3) as
a function of the number of interferometers. We immedi-
ately note how the white-dashed curve, which identifies
the BH configuration leading to ρth = 5, shifts within
the parameter space. Such enhancement allows to ana-
lyze ringdown events which fulfil the threshold condition
ρ(3,3) ≥ 5.
At the same time, the critical ratios (34)-(35) also im-
prove, as shown in Fig. 9, where for sake of clarity we
only consider the case with four detectors at design sen-
sitivity. Beside a small change of the condition Rs = 1
to BH masses smaller than 20M, the most interesting
result is that for M & 55M also the second criterion,
R(3,3)b < 1, is satisfied. Therefore, a complete synergy
between the current and near-future facilities is crucial
to fully exploit BH spectroscopy to probe the validity of
the no-hair theorem.
As final remark, we note that in the less optimistic
scenario with energy radiated 
(3,3)
QNM = 
(2,2)
QNM/10 = 0.01,
even with four interferometers, all the BHs analyzed
would provide ρ(3,3) < 5, making the detection of the sub-
dominant mode, and therefore strong-field tests of GR,
extremely more difficult to achieve. However, more so-
phisticate data analysis techniques would also improve
this picture. Indeed, as recently shown in [23], coherent
stacking of several ringdown events would significantly
increase the SNR of the secondary mode, leading there-
fore to a precise estimate of its fundamental parameters.
Finally, it is worth to mention that in some cases, even a
single mode analysis can constrain the nature of the ring-
ing compact object, as described in [26], in which the
QNMs properties obtained from GW150914 have been
used to exclude the existence of a rotating gravastar.
C. Third generation detectors
Being the main focus our work to explore the con-
straints that current detectors, like LIGO and Virgo, may
be able to set on the BH ringdown, it is interesting to
analyze how these results improve as far as third gener-
ation of interferometers are considered. In this section
we shall focus on four new instruments: (i) LIGO A+
and LIGO Voyager, which represent a major upgrade of
the existing facilities with frequency-dependent squeezed
light, improved mirrors and laser beams, (ii) the Cosmic
Explorer, which is essentially a new detector with 40 km
arm-length based on the LIGO A+ technology, (iii) the
European Einstein Telescope, with three arms of 10 km
in a triangle configuration built underground [48].
A direct comparison on the accuracies of ringdown pa-
rameters measured with current and future interferome-
ters is shown in Fig. 10, for both single and multi-mode
events. For the latter, we only analyze the (3, 3) compo-
nent, although our results will also apply for the (4, 4)
term. We consider three classes of light, medium and
heavy BHs, with masses of 20M, 50M and 70M, re-
spectively. For sake of simplicity, we also assume a best-
case scenario with spin parameter j = 0.9, and radiated
energy 
(2,2)
QNM = 0.3. Left and center panels of Fig. 10
yield several new considerations on the relative errors of
9FIG. 6: (Top) Contour plots of relative uncertainty for the frequency of the (3, 3) and (4, 4) modes, with 
(3,3)
QNM = 
(4,4)
QNM = 0.003.
(Bottom) Curves of fixed accuracy ∆Q33 = ∆Q44 = (50, 100)% for a network of interferometers with increasing number of
detectors.
FIG. 7: Contour plots for the critical values Rs and Rb re-
quired to distinguish frequencies and quality factors of the
(2, 2) and the (3, 3) modes.
the mode’s frequencies and damping times. Interestingly,
for all the configurations a network of 4 second generation
detectors perform almost as well as LIGO A+. A Voy-
ager class mission will not lead to major improvements,
as well. However, the Einstein telescope and the Cosmic
Explorer changes this picture dramatically. This is par-
ticularly evident for massive sources, with M & 50M,
for which we expect to measure both f22 and Q22 with
relative accuracy better than 1%. Such results are even
more relevant for the quality factor of the secondary com-
ponent. In this case LIGO A+ will be able to set an up-
per bound, ∆Q33 = 100%, for BHs with M ∼ 50M, but
only ET and CE are potentially able to constrain lighter
FIG. 8: Change in the SNR for the secondary mode ρ(3,3), as
a function of the number of terrestrial interferometers. The
white dashed curve correspond to the threshold ρ(3,3) = 5.
sources. The exquisite sensitivity of the Cosmic Explorer
is indeed necessary to provide useful measurements for
BHs with M . 20M. These results directly translate
10
FIG. 9: Same as Fig. 7 but for the case of four interferometers
observing the ringdown event.
on the errors on mass and spin parameter, as shown in
the right panel of Fig. 10. For both these quantities ET
and CE are the only future detectors with projected con-
straints smaller than 10%.
As a final comment, in Fig. 11 we show contour lines of
fixedRb, which correspond to the critical value needed to
distinguish both the frequency and quality factor of the
(2, 2) and the (3, 3) components. Comparing this results
with the right panel of Fig. 9, we immediately note that
even in this case the network configuration behaves as
LIGO A+. As expected, best results are obtained for
ET and CE, which are able to resolve both modes within
almost all the parameter space.
IV. CONCLUSIONS
With the LIGO observatories already operational and
Virgo in the final completion phase, gravitational wave
astronomy represents an exciting and active field of re-
search. Advanced interferometers, supplied by the ex-
pected detection rates [49, 50], promise to detect com-
pact binary coalescences as a weekly routine, leading to
a new flood of data to be analyzed. Astrophysical BHs
produced by such systems are ideal candidates to investi-
gate gravity in extreme conditions, and to test the valid-
ity of GR foundations, as the no-hair theorem, through
emission of QNMs.
In this paper we have analyzed the detectability of
such signals. Using a Fisher matrix approach, we have
spanned the BH-parameter space, focusing on the con-
straints that current and near future terrestrial detectors
will be able to set on the ringdown parameters. For sec-
ond generation of interferometers, our numerical results
can be summarized as follows.
• For a single mode detection, in a favorable scenario
with radiated energy QNM = 0.03, frequency and
quality factor of the fundamental (2, 2) mode can be
measured with relative accuracy of 20% . ∆f22 .
1% and 100% . ∆Q22 . 20%, respectively. A
pessimistic assumption with QNM = 0.01 would
increase these errors by a factor of 3.
• These values impact on our ability to constrain
mass and spin of the newly born BH. Relative errors
of 20% . ∆M . 10% are feasible for M & 40M
only, while for the angular momentum we obtain
50% . ∆j . 10% for j > 0.4 only, almost indepen-
dently from the BH final mass.
• The previous estimates improve with multiple de-
tectors. Four interferometers at design sensitivity
would reduce the relative errors roughly by a factor
of 2.
• AdLIGO alone is not able to perform test of GR
with a single ringdown observation. For the con-
figurations considered in this paper, all the events
yield secondary modes with l = m = 3 and l =
m = 4 under the SNR threshold ρth = 5. This
would make impossible to extract the subdominant
components from the instrument’s noise.
• A network of detectors at full sensitivity will be
able to fully exploit the multi mode analysis distin-
guishing both the frequency and the quality factor
of the first and second QNMs, allowing for strong
field tests of the no-hair theorem.
These results improve for third generation detectors,
which we have included in our analysis for a direct com-
parison with the current facilities. For all the BH con-
sidered, the LIGO A+ upgrade has performances simi-
lar to the network HLVK. Major changes occur for the
Einstein Telescope and the Cosmic Explorer, which rep-
resent the best instruments to constrain both frequencies
and damping times of the dominant (2,2) mode, with ac-
curacy at the level of 1% and better. Such results also
extend to the secondary component, as CE is the only
interferometer potentially able to set an upper bound on
the (3, 3) mode for less massive sources with M . 20M.
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